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ABSTRACT
The plasmon hybridization theory is based on a quasi-electrostatic approximation of the Maxwell’s equations. It does not
take into account magnetic interactions, retardation effects, and radiation losses. Magnetic interactions play a dominant role
in the scattering from dielectric nanoparticles. The retardation effects play a fundamental role in the coupling of the modes
with the incident radiation and in determining their radiative strength; their exclusion may lead to erroneous predictions of the
excited modes and of the scattered power spectra. Radiation losses may lead to a significant broadening of the scattering
resonances. We propose a hybridization theory for non-hermitian composite systems based on the full-Maxwell equations that,
overcoming all the limitations of the plasmon hybridization theory, unlocks the description of dielectric dimers. As an example,
we decompose the scattered field from silicon and silver dimers, under different excitation conditions and gap-sizes, in terms of
dimer modes, pinpointing the hybridizing isolated-sphere modes behind them.
Introduction
The description of the electromagnetic scattering from nanostructures in terms of their resonances and modes is essential for
both the analysis and the engineering of the field-matter interaction. Compared to the direct solution of the scattering problem,
the description in terms of resonances and modes, which solely depend on the inherent properties of the nanostructure, i) offers
intuitive insights into the physics of the problem; ii) enables the rigorous understanding of interference phenomena, including
Fano resonances, in terms of the interplay among well-identified modes; iii) suggests how to shape the excitation to achieve an
assigned electromagnetic response.
In closed electromagnetic systems the definition of resonances and modes is straightforward1. On the contrary, in open
systems, where the electromagnetic field occupies an unbounded domain, this definition is challenging. In an oversimplified
but widespread approach, the electromagnetic resonances of a body are found as the peaks of its scattered power spectrum
when a frequency-tunable probe field illuminates it. The corresponding electric field distributions are denoted as “modes”. This
approach is flawed because: it hides the modes that cannot be excited by the chosen incident field; it disregards the fact that a
peak can be due to the interplay of two or more modes; it does not help to interpret interference phenomena. Several more
rigorous approaches are possible, grounded in different choices of the modes. The quasi-normal modes2–4 and the characteristic
modes5 are widely used to study open systems. The quasi-normal modes depend on both the material and the geometry of
the scatterer. They are not orthogonal in the usual sense and they diverge exponentially at large distances3, thus they need to
be normalized6, 7. The characteristic modes are increasingly used in nanophotonics8. They are real and satisfy a weighted
orthogonality. They depend on the frequency, on the geometry and on the material composition of the scatterer. A third choice,
that we embrace throughout this work, is represented by the material-independent modes9, 10. The material-independent modes
allow separating the role of geometry, material, and incident electromagnetic field; thus provide fundamental information on
the resonant electromagnetic behaviour of bodies that other approaches hide. They are not orthogonal in the usual sense but,
unlike quasi-normal modes, they satisfy the radiation condition at infinity.
Unfortunately, regardless of the chosen definition, the electromagnetic modes of composite electromagnetic structures can
be extremely complicated. They exhibit a complex dependence not only on the geometry of the constituent parts but also on
their spatial arrangement. As a consequence, any significant change of the mutual arrangement of the constituent parts usually
results in a meaningful change of the resulting modes. This fact undermines the intuitive understanding of the physics of the
overall system.
Interacting nanoparticles, which can be either metallic or dielectric, constitute an example of composite open electromagnetic
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system. In particular, interacting metal nanoparticles have been extensively studied11: they exhibit greater electric field
enhancement with respect to their isolated counterparts12, they show tunability of the resonance position13, 14 and of the
scattering directionality as the interparticle spacing varies, and novel physical properties, such as Fano resonances15–17. The
plasmon hybridization theory18, 19 has been a cornerstone for the modelling of such metal systems. The plasmon hybridization
consists in the representation of the modes of a complex plasmonic nanostructure, i.e. the “plasmonic molecule”, in terms of
the modes of its constituent parts, i.e. the “plasmonic atoms”. Thus, even if the mutual spatial arrangement of the atoms is
changed, the modes of the plasmonic molecule are represented in terms of the same set of atomic modes, while only the atomic
modes weights change. Many studies have demonstrated that very complex molecular modes arise from the hybridization of
just few atomic modes19–23. However, the theory of plasmon hybridization18 is grounded in the electrostatic theory: it is based
on compact hermitian operators and orthogonal electric field modes. This theory is only applicable to metal structures much
smaller than the incident wavelength, because the magnetic interactions and the radiation effects are absent. In other words, the
plasmon resonators are treated as they effectively were closed resonators. For this reason, although its validity domain can be
extended to include weak radiative contributions by using perturbation approaches24 or by adding retardation to the Coulomb
potential25, it completely fails to describe dielectric resonators, which are dominated by magnetic interactions26.
Recently, dielectric resonators are gaining increasing attention in nanotechnology and many researchers currently suggest
that high index dielectrics may be a cheaper alternative to noble metals for a variety of applications27–31. This interest is
motivated by the evidence that the enhancement of electric and magnetic fields in high-index nanostructures is of the same
order of magnitude of the one achievable in metal nanostructures. Furthermore, the physics governing the scattering from high
index dielectric nanoparticles is far richer than the physics behind the scattering from metal nanoparticles, due to the possibility
of exciting magnetic modes26, 32–34 and due to the presence of multimode interference, which may lead to the formation of
Fano-resonances15, 35. The resonances and modes and the corresponding properties of an isolated-sphere10, 36 and of a coated
sphere37 have been recently studied in the full-Maxwell regime.
Dimers of dielectric particles coupled in the near field zone may exhibit significant enhancement of both electric and
magnetic fields38–43 with reduced heat conversion,44, 45 directional Fano-resonances46, and strong directional scattering47, 48. A
theory of hybridization in Si dimers, although limited to electric and magnetic dipole-dipole interactions, have been theoretically
proposed in39 and experimentally validated in41. More recently, the hybridization in Si33 and AlGaAs49 dimers has been
experimentally studied.
In this paper, we derive the resonances and modes of a sphere dimer by using the full-Maxwell equations. We describe the
dimer-modes in terms of the hybridization of the modes of the two constituent spheres: each dimer-mode is expressed in terms
of a weighted linear combination of a set of isolated-sphere modes. The mathematical problem thus becomes a system of linear
algebraic equations for the expansion coefficients. This scheme has been proposed by Bergman and Stroud9 in 1980. However,
they applied this method only in the long-wavelength limit when all the radii, as well as the interparticle separations, are small
compared to the wavelength outside the scatterers. The approach we propose applies to both plasmonic and dielectric dimers
regardless of their size. This fact enables us to address, for the first time, the mode analysis and the hybridization in silicon
dimers in the full-Maxwell regime, and to refine the understanding of plasmon-mode hybridization in a full-wave scenario.
Modal Decomposition of Electromagnetic Scattering
Here, we summarize the description in terms of the material-independent modes10 of the full-wave electromagnetic scattering
by a body which occupies a domain Ω of characteristic dimension lc suspended in vacuum and excited by a time harmonic
electromagnetic field with frequency ω incoming from infinity, i.e. Re{Ei}= Re
{
E0e−iωt
}
. We define the normalized size
parameter of the body as x= 2pilc/λ , where λ is the vacuum wavelength λ = 2pic/ω . The body is made by a linear material, it
is also assumed to be non-magnetic, isotropic, homogeneous in time and space, non dispersive in space, and time-dispersive
with relative permittivity εR (ω). We point out that the body can be made by two or more disconnected part, provided that the
material composition is the same. We denote the total electric field as E(r). The scattered electric ES (r), which is defined in
the whole space as ES = E−Ei, is expressed as10
ES (r) = (εR−1)
∞
∑
α=1
Pα {Ei}
εα − εR wα (r) , (1)
where
Pα {Ei}= 〈w
∗
α ,Ei〉Ω
〈w∗α ,wα〉Ω
, (2)
〈f,g〉Ω =
∫
Ω
f∗ ·gdV. (3)
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The set of complex poles {εα}, denoted as eigen-permittivities of the body, and the set of complex field modes {wα} do not
depend on the body permittivity εR, but only on the shape of the body and its normalized size parameter x. In particular, the
eigen-permittivity εα is the value of the permittivity that the body should have such that the corresponding electric field mode
wα (r) is a source-free solution of the Maxwell’s equations satisfying the Silver-Mu¨ller conditions at infinity. The modes are
not orthogonal in the usual sense, but they are bi-orthogonal, i.e.
〈w∗α ,wβ 〉= 0 ∀α 6= β . (4)
The imaginary part of εα is proportional to the averaged flux toward the infinity of the Poynting vector associated to the mode
wα : it is always negative due to the Silver-Muller condition at infinity. The real part of the eigen-permittivity εα has not a
definite sign10. The coefficientPα {Ei} accounts for the coupling of the external excitation with the mode wα (r). Expression
1 disentangles the geometric and the material properties of the body and effectively predicts the resonant behavior of 3D bodies
as their shape, size and permittivity vary. Since Im{εα (ω)} < 0, the quantity εα (ω)− εR (ω) does not vanish in passive
materials (where Im{εR (ω)> 0}) as ω varies. Nevertheless, for fixed geometry of the body, the amplitude of the mode wα (r)
reaches its maximum in a neighbourhood of the frequency ωα such that
min
ω
∣∣∣∣εα (ω)− εR (ω)εR (ω)−1
∣∣∣∣= ρα . (5)
This is the resonant condition for the mode wα (r): ωα is the resonance frequency of the mode wα (r) and ρα is the
corresponding residuum. They do not depend on the incident field. The width of the corresponding resonance is related to
the value of the residuum. Specifically, a larger residuum is associated with a broader resonance. The coupling coefficient
Pα {Ei} also depends on the frequency but it varies very slowly if compared with 1/(εα − εR). The modes with Re{εα}> 0
can be resonantly excited in dielectrics, while the modes with Re{εα}< 0 can be resonantly excited in metals.
The modes are solenoidal in the body region Ω and in the exterior region, but their normal component to the body surface
is discontinuous unless it is equal to zero. They can be classified according to their behaviour in the limit x→ 0. There is a
set of modes that for x→ 0 become irrotational everywhere and have discontinuous normal component to the body surface
(quasi-stationary electric modes or plasmonic modes). In this paper, we call them longitudinal modes; we denote them with{
w‖α (r)
}
and the corresponding eigen-permittivity with
{
ε‖α
}
. In addition to these modes, there is another subset of modes
that for x→ 0 have normal component to the body surface equal to zero. In this limit, these modes become solenoidal
everywhere, but they are not irrotational (quasi-stationary magnetic modes). In this paper, we call them transverse modes; we
denote them with
{
w⊥α (r)
}
and the corresponding eigen-permittivity with
{
ε⊥α
}
. For x→ 0 we found that Re
{
ε‖α
}
< 0 and
Re
{
ε⊥α
}
> 0. For finite x, we have that the eigenvalues ε‖α (x) move within a finite region of the complex plane, while Re
{
ε⊥α
}
always remains positive. The plasmon hybridization theory only considers the longitudinal modes. The transverse modes play a
fundamental role in the scattering from dielectric structures.
Isolated sphere
Now, we briefly resume the properties of the material independent modes and the corresponding eigen-permittivities of an
isolated-sphere with radius R, and size parameter x = 2piR/λ . They can be expressed analytically in terms of the vector
spherical wave functions (VSWF)10. They depend on five indexes {δ , p,m,n, l} and we indicate them with eδpmnl (r). The
superscript δ distinguishes between the transverse magnetic (TM) modes (electric type modes) and transverse electric (TE)
modes (magnetic type modes). The subscript p distinguishes between even (e) and odd (o) modes with respect to the azimuthal
variable. The numbers n ∈ N and 0≤ m≤ n characterize the angular dependence of the modes: m is the number of oscillations
along the azimuth and n is the multipolar order. The mode number l ∈ N gives the number of maxima of the mode amplitude
along the radial direction inside the sphere. Due to the spherical symmetry, the eigen-permittivities only depend on the indexes
{n, l}. In the body region eTMpmnl (r) = N(1)pmn
(√
εTMnl k0r
)
, eTEpmnl (r) =M
(1)
pmn
(√
εTEnl k0r
)
where εTEpmnl , ε
TM
pmnl are the corresponding
eigen-permittivities, N(1)pmn and M
(1)
pmn are the VSWF regular at the center of the sphere. The modes with n= 1 are the dipolar
modes, those with n= 2 are the quadrupolar modes, and so on. We denote the electric and magnetic type modes as fundamental
when l = 1, and as higher order modes when l > 1. It is worth noting that higher order electric modes and magnetic modes
are not contemplated by the quasi-electrostatic resonance theory24, and it is not possible to include them within the quasi-
electrostatic framework by simple using perturbation techniques. The eigen-permittivities εTMnl and ε
TE
nl are the roots of two
power series, which are given analytically in10. In particular, it results that Re
{
εTMnl
}∣∣
l 6=1 > 0 and Re
{
εTEnl
}∣∣> 0, while in the
limit x→ 0 it results that Re
{
εTMn,l=1
}
< 0. The set of longitudinal modes
{
w‖α (r)
}
coincides with the set of fundamental
electric type modes
{
eTMpmn1
}
and the set of transverse modes
{
w⊥α (r)
}
coincides with the set
{
eTMpmnl
∣∣∣
l>1
,eTEpmnl
}
.
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Figure 1. Projections of the TM modes eTMe1nl and of the TE modes e
TE
o1nl of a sphere of radius R= λ/4 on the section shown in
the bottom-right inset. The modes eTMp1n1 belong to the set
{
w‖α
}
, while the remaining ones belong to the set
{
w⊥α
}
.
l
n
1 2 3
1
2
3
4
1 2 3
eTMe1nl e
TE
o1nl
Figure 2. Stylized version of the TM and TE modes of an isolated-sphere.
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As an example, in Fig. 1 we show the TM modes eTMe1nl , and TE modes e
TE
o1nl , of a sphere with radius R = λ/4, and
corresponding size parameter x = pi/2, for n = 1,2,3,4 and l = 1,2,3. Specifically, we plot the real part of the mode
components which are tangent to the section of the sphere shown in the inset on the bottom-right of each mode. These modes
are the building blocks of the dimer-modes, and we will make an extensive use of them in the following sections. Since these
modes are weakly sensitive to changes of the size parameter x we introduce a stylized version of them in Fig. 2. The TM mode
eTMe111, shown in the top-left corner of Fig. 1, exhibits a dipolar character. Increasing the index l, while keeping fixed the order
n= 1, we observe two and three oscillations of the mode along the (vertical) radial direction for l = 2 and l = 3, respectively.
Moreover, as l increases, the region where the field is localized is increasingly squeezed in proximity of the sphere center. For
these reasons, the stylized representation of the eTMpm1l is a single arrow, representing the electric dipole, enclosed by l circles,
and squeezed as l increases. The mode eTMe121 shows a quadrupolar character with two sources and two sinks of the field lines,
whereas the mode eTMe131 is of octupolar type with three sources and three sinks. In both cases, by increasing l the number of
oscillations along the radius increases. The stylized representations of eTMpm2l and e
TM
pm3l visually highlight both the number of
sources-sinks, and the number of oscillations along the radial direction. The mode eTEo111 has a magnetic dipole character: it
exhibits one vortex, associated to a magnetic dipole moment directed orthogonally to the vortex plane. By increasing l, we note
that one (l = 2) or two (l = 3) additional contra-rotating vortices arise. For this reason, the stylized representation of the mode
eTEpm1l is a current loop, enclosed by l concentric circles. By increasing n to 2, the mode e
TE
o121 shows two identical vortices with
antiparallel magnetic dipole moments. Also in this case, by increasing l additional vortices appear. The number of oscillations
of the mode along the radial (vertical) direction is l. The field lines of the magnetic octupole (n= 3, l = 1) and the magnetic
hexadecapole (n= 4, l = 1) form three and four identical vortices, respectively. As we increase l, the number of oscillations of
the mode along the radial (vertical) direction increases. The stylized representations of the TE modes highlight the number of
vortices of the mode, and the number of oscillations along the radial direction. By using Eq. 5 we find the resonant frequencies
of the low order modes of both an Ag and a Si isolated-sphere (in Tabs. S1 and S2 of SI). Then, we untangle the scattering
cross section from isolated Si and Ag spheres in terms of the contribution of different modes (Figs. S1 and S2 of the SI).
Sphere dimer
Now, let us consider the electromagnetic scattering from a dimer of spheres surrounded by vacuum. The spheres have radii R1
and R2, and a center-center separation D. They occupy the regions Ω1 and Ω2, while the surrounding space is denoted as Ω3, as
shown in Fig. 3. The two spheres are made of the same material. We define the dimensionless quantities
R1
R2
Ω1
Ω2
D
φ1 ≡ φ2
θ1
r1
x
y
z
O2
O1
θ2
r2
P
Ω3
Figure 3. Dimer composed by two spheres of radii R1 and R2 and center-center interparticle distance D.
x1 = 2piR1/λ ,
x2 = 2piR2/λ ,
d = 2piD/λ .
(6)
As for the general case, the dimer-modes can be subdivided into two subsets: the subset
{
d⊥α (r)
}
with eigen-permittivity
{
ε⊥α
}
and the subset
{
d‖α (r)
}
with eigen-permittivity
{
ε‖α
}
. They have the properties already stated for the general case. Now we
determine the modes of the dimer by using as basis functions the modes of the isolated-spheres. We denote the modes of the
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j-th sphere, assumed to be isolated, as eTM| jpmnl and e
TE| j
pmnl with j ∈ {1,2}. Then, we have (see Methods):
dνpmq(r) =∑
nl
hν |TM| jpmqnl e
TM| j
pmnl (r)+h
ν |TE| j
p¯mqnl e
TE| j
p¯mnl (r) ∀r ∈Ω j with j = 1,2 (7)
where hν |TM| jpmqnl and h
ν |TE| j
pmqnl are the projections of the dimer-mode on the conjugate of the j-th isolated-sphere mode
hν |TM| jpmqnl =P
TM| j
pmqnl
{
dpmq(r)
}
,
hν |TE| jpmqnl =P
TE| j
pmqnl
{
dpmq(r)
}
,
(8)
where
P
TM| j
pmnl {·}=
〈
(
eTM| jpmnl
)∗
, · 〉Ω j
〈
(
eTM| jpmnl
)∗
,eTM| jpmnl〉Ω j
,
P
TE| j
pmnl {·}=
〈
(
eTE| jpmnl
)∗
, · 〉Ω j
〈
(
eTE| jpmnl
)∗
,eTE| jpmnl〉Ω j
.
(9)
The dimer-modes and the corresponding eigen-permittivities depend on four indices: ν ∈ {‖,⊥}, p ∈ {e,o} ( in Eq. 7 the
symbol p¯ indicates the complement of p), m ∈ N0, and q ∈ N. In the limit x→ 0 the eigen-permittivities ενpmq are sorted in
ascending order of q for any given ν , p and m. The same order is kept for finite values of x, by following ενpmq on the complex
plane as x varies. In order to weight the contribution of the isolated-sphere modes eTM| jpmnl and e
TE| j
pmnl of the j-th sphere in the
expansion 7 of the dimer-mode dνpmq, we introduce the following synthetic parameters:
H˜ν |TM| jpmqnl = maxr∈Ω1∪Ω2
∥∥∥Re{hν |TM| jpmqnl eTM| jpmnl (r)}∥∥∥ (10)
H˜ν |TE| jpmqnl = maxr∈Ω1∪Ω2
∥∥∥Re{hν |TE| jpmqnl eTE| jpmnl (r)}∥∥∥ (11)
The parameter H˜ν |TM| jpmqnl (H˜
ν |TE| j
pmqnl ) represents the maximum magnitude of the real part of the dimer-mode within the j-th sphere
(which corresponds to the amplitude at t = 0) that we would have if only the mode eTM| jpmnl (e
TE| j
pmnl) in the expansion 7 were
considered. In the following sections, for any given dimer-mode dνpmq we normalize the parameter H˜
ν |TM| j
pmqnl and H˜
ν |TE| j
pmqnl to the
overall maximum, i.e. max
nl
{
H˜ν |TM| jpmqnl , H˜
ν |TE| j
pmqnl
}
. These normalized parameters will be denoted as Hν |TM| jpmqnl and H
ν |TE| j
pmqnl . We call
them hybridization weights. Moreover, if R1 = R2, for symmetry considerations we also have that H
ν |TM
pmqnl = H
ν |TM|1
pmqnl = H
ν |TM|2
pmqnl
and Hν |TEpmqnl = H
ν |TE|1
pmqnl = H
ν |TE|2
pmqnl
Results and Discussion
We investigate the hybridization mechanism in silver and silicon dimers for the modes that are excited in the scattering under
longitudinal and transverse plane-wave excitations. Specifically, we consider two spheres with the same radius, namely an
homo-dimer, with R1 = R2 = R (x= x1 = x2) and edge-edge separations of R/4, R, and ∞, corresponding to a center-center
separation of D = 9/4R, D = 3R, D = ∞. We vary the size parameter x in the interval [0.6,1.7]. For different separations
the set of dimer-modes varies, nevertheless the set of considered isolated-sphere mode used for their representation is the
same. This is the advantage of the hybridization approach. The total number of considered dimer-modes is N = 1600, with
q = 1, . . . ,320, m = 0, . . . ,4, p = e. Nevertheless, in each of the four considered scenarios, the scattering is dominated by
different subsets of dimer-modes whose number is much less than N. The isolated-sphere modes used to represent the dimer
modes are
{
eTMemnl ,e
TE
omnl
}
with n= 1 . . .8, l = 1 . . .10, and m= 1 . . .4.
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zx
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Ei
0 1
d
‖
e1,3
(1)
(2)1
(2)2
d
‖
e0,1 d
‖
e0,3(1) (2)1 (2)2
0.6 0.8 1.0 1.2 1.4 1.6
x
0
1
2
3
4
5
6
7
σ
sc
a
MIM
GMM
R
4
Figure 4. Scattering efficiency σsca of an Ag homo-dimer as a function of the spheres size parameter x= 2piR/λ , obtained
via material-independent-mode expansion (black line) and by direct-calculation (red dots). The radius of each sphere is
R= 67.5 nm, the edge-edge distance R/4 = 16.9 nm. The dimer is excited by a plane wave polarized along the dimer axis zˆ
and propagating along the transverse direction xˆ. Partial scattering efficiencies (in color) of the three dominant dimer-modes
whose y= 0-plane projections are shown on the right.
mode x‖emq ωemq (Prad/s) ε
‖
emq εAg ρ
‖
emq # peak x
d‖e0,1 0.650 2.89 -4.16 -3.46i -19.62 +0.46i 0.773 (1) 0.747
d‖e0,3 1.126 5.00 -3.02-0.42i -3.21 +0.20i 0.155 (2) 1.15
d‖e1,3 1.139 5.06 -2.79 -0.40i -2.97 + 0.22i 0.163 (2) 1.15
Table 1. Resonant size parameter x, corresponding values of the resonant frequency, eigen-permittivity, Ag permittivity, and
residuum of the dimer-modes which dominate the scattering efficiency of Fig. 4. Positions of the peaks of the total scattering
efficiency.
Longitudinally polarized Ag homo-dimer
First, we study a silver homo-dimer with R= 67.5nm, and edge-edge separation R/4 = 16.875nm. We consider the modes that
are excited by an incident field that is polarized along the dimer axis zˆ, while it is propagating along the transverse direction
xˆ. In Fig. 4, we plot the scattering efficiency σsca obtained by using the material-independent-mode (MIM) expansion 1
(black line), and by a direct calculation (red dots) as a function of the size parameter x. For the direct calculation we use the
code “Generalized Multiparticle Mie-Solution (GMM)” by Yu-lin Xu50. Specifically, we use in the GMM two VSWF sets
centred in the two spheres each of them described by Eq. (4) of Ref.50 with 1 < n ≤ 8. The two results are in very good
agreement. As expected, the scattering efficiency is significantly different from the one obtained in the quasi-electrostatic
limit (Q-ES) approximation24 which is shown in the SI. We also show in color the partial scattering efficiencies of three
dominant dimer-modes, whose projections (real part) on the y= 0 plane are represented on the right. The partial scattering
efficiency is the scattering efficiency that we would have if only one dimer-mode is excited at a time. It is important to note that
the total scattering efficiency is not the sum of the partial scattering efficiencies because the modes with same index m may
interfere. Nevertheless, the partial scattering efficiencies enable us to identify the dimer-modes responsible for each peak of the
total scattering efficiency. We list in Tab. 1 the resonant size parameters and corresponding resonant frequencies of the three
dominant modes, which are evaluated by Eq. 5. It is worth noting that these values do not depend on the chosen excitation.
The table also highlights that the residuum associated to the dimer-mode d‖e0,1, which causes the first peak, is larger than the
corresponding residuum of d‖e0,3 and d
‖
e1,3 associated to peaks (2)1 and (2)2, thus the corresponding resonance is broader, as
confirmed by Fig. 4. We note that the relevant dimer-modes are all longitudinal modes. This is because, as stated in the previous
section, the numerator of Eq. 5 is always very large since the real part of the eigen-permittivities of the transverse dimer-modes
is always positive, while Re
{
εR,Ag
}
< 0 in the visible.
In the SI we analyse the scattered electric field within the two spheres calculated at the two peaks of the scattering efficiency
(Fig. S10). The corresponding near field profiles resemble the modes d‖e0,1 and d
‖
e1,3, respectively, which indeed dominate the
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scattering in the near zone as well.
Figure 5. Decomposition of the dimer-mode d‖e0,1 at x= 0.747, in terms of hybridizing isolated-sphere modes (real part of the
projection on the y= 0 plane). Each isolated-sphere mode is multiplied by the corresponding expansion coefficient of Eq. 8.
Below each isolated-sphere mode its hybridization weight H‖|TMe01nl is shown.
The analysis of the partial scattering efficiencies reveals that the dimer-mode d‖e0,1 dominates the total scattering efficiency
at its first peak. The mode d‖e0,1 originates from the hybridization of the isolated-sphere modes shown in Fig. 5, which include
both longitudinal and transverse modes. The figure also gives the corresponding hybridization weights H‖|TMe01nl . Specifically,
the fundamental electric quadrupole eTMe021, octupole e
TM
e031, hexadecapole e
TM
e041, and dipole e
TM
e011 interfere constructively in the
proximity of the dimer gap. The same modes interfere destructively in the regions which are located diametrically opposite to
the gap. In the central region of each sphere, the fundamental eTMe011, second order e
TM
e012, and third order e
TM
e013 electric dipoles
also interfere destructively. It is worth noting that, among the isolated-sphere modes that take part in the hybridization process,
only the transverse modes eTMe012 and e
TM
e013 are not included within the set of isolated-sphere modes predicted by the Q-ES
approximation24. However, they give a negligible contribution to the far field. Indeed, the Q-ES approximation is also able to
predict that the mode d‖e0,1 causes the first σsca peak, as demonstrated in the SI.
Figure 6. Decomposition of the dimer-mode d‖e1,3 at x= 1.15 in terms of hybridizing isolated-sphere modes (real part of the
projection on the y= 0 plane). Each isolated-sphere modes is multiplied by the expansion coefficients of Eq. 8. Below each
isolated-sphere mode we also show its hybridization weight H‖|TMe13nl .
We now examine the second peak of the scattering efficiency. From the analysis of the partial scattering efficiencies,
and of the resonances shown in Tab. 1, we conclude that it is dominated by two different modes, i.e. d‖e0,3 and d
‖
e1,3. Their
resonance positions x‖e0,3 = 1.126 and x
‖
e1,3 = 1.139 are both located in proximity of the second σsca peak at x = 1.15. In
particular, the mode d‖e1,3 provides the largest contribution. We analyse in Fig. 6 its decomposition in terms of the hybridizing
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isolated-sphere modes, providing the corresponding hybridization weights H‖|TMe13nl . Also in this case both longitudinal and
transverse isolated-sphere modes contribute to the hybridization. The fundamental electric quadrupole eTMe121, and dipole e
TM
e111
interfere constructively in the proximity of the gap, while they undergo destructive interference in the regions of the two
spheres diametrically opposite to the gap. In the central region of both spheres, we observe destructive interference between the
fundamental eTMe111, and second order e
TM
e112 electric dipole. From the analysis carried out in the SI, we note that the mode d
‖
e1,3 is
not excited under the Q-ES approximation because it has a vanishing total dipole moment.
As we vary the distance between two spheres, the dimer-mode change. The advantage of the hybridization approach is
now clear: the dimer-modes are represented in terms of elementary building blocks, i.e. the isolated-sphere modes, that do
not change as the arrangement of the sphere changes; only the hybridization weights change. For instance, as the edge-edge
distance is increased to R, the scattering efficiency varies (Fig. S14 in SI). The dimer-mode that causes its first σsca peak arises
mainly from the fundamental electric dipole eTMe011 (Fig. S15 in SI), while the electric quadrupole e
TM
e021 that was dominant for a
gap size of R/4 now plays a minor role. On the contrary, the dimer-mode responsible for the second peak does not significantly
change with respect to Fig. 6 and it is still dominated by the fundamental electric dipole eTMe111 and quadrupole e
TM
e121 (Fig.
S16 in SI). For very large distances D→ ∞, the scattering efficiency of the dimer approaches the scattering efficiency of the
isolated-sphere (Fig. S1 in SI). This σsca has two peaks, due to the fundamental electric dipole and quadrupole, respectively.
Transversely polarized Ag homo-dimer
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Figure 7. Scattering efficiency σsca of an Ag homo-dimer as a function of the size parameter x= 2piR/λ , obtained via
material-independent-mode expansion (black line) and by direct-calculation (red dots). The radius of each sphere is R= 67.5
nm, the edge-edge distance R/4 = 16.9 nm. The dimer is excited by a plane wave propagating along the dimer’s axis and
polarized along the transverse direction. Partial scattering efficiency (in color) of two dominant dimer-modes whose y= 0
plane projections are shown on the right.
mode peak x‖pme ωpme [Prad/s] ε
‖
pme εr,Ag ρ
‖
pme # peak x
d‖e1,1 0.846 3.76 -5.35-2.80i -9.88 + 0.31i 0.505 (1) 0.892
d‖e1,4 1.176 5.22 -2.18-0.22i -2.33 + 0.26i 0.152 (2) 1.183
Table 2. Resonant size parameter x, corresponding value of the resonant frequency, eigen-permittivity, Ag permittivity, and
residuum of the dimer-modes which dominate the scattering efficiency of Fig. 7. Positions of the peaks of the total scattering
efficiency.
We now study an identical Ag homo-dimer, but we consider the modes that are excited by a plane-wave polarized along the
xˆ-direction, and propagating along the direction zˆ. In Fig. 8, we plot the corresponding scattering efficiency obtained from
both the mode expansion 1 (black line) and by the direct GMM calculation (red dots). As in the previous case, the scattering
efficiency is significantly different from the one obtained in the Q-ES limit24 (Fig. S7 in SI). We also show in color the partial
scattering efficiency of the dimer-modes d‖e1,1, d
‖
e1,4 dominating the scattering response. Their projections on the y= 0 plane
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(real part) are shown on the right. We list in Tab. 2 the values of the resonant size parameter of the two dominant modes,
together with the corresponding resonant frequency, eigen-permittivity, Ag permittivity, and residuum. It is apparent that the
two resonant frequencies are in very close proximity to the two σsca peaks, namely x= 0.892 and x= 1.183. The mode d
‖
e1,1
exhibits a higher residuum than the mode d‖e1,4: this is consistent with the fact that the corresponding partial scattering efficiency
has a broader peak. As in the longitudinally polarized Ag dimer (Fig. 4), the relevant dimer-modes are all longitudinal.
In the SI we also plot within the two spheres the scattered electric field calculated at the two σsca peaks (Fig. S11). The
effects of the field propagations along the dimer axis are now important.
Figure 8. Decomposition of the dimer-mode d‖e1,1 at x= 0.892 in terms of hybridizing isolated-sphere modes (real part of the
projection on the y= 0 plane). Each isolated-sphere modes is multiplied by the expansion coefficients of Eq. 8. Below each
isolated-sphere mode we also show its hybridization weight H‖|TMe11nl .
The dimer-mode d‖e1,1, responsible for the first σsca peak, originates from the hybridization of the isolated-sphere modes
shown in Fig. 8. In particular, the fundamental electric dipole eTMe111 and quadrupole e
TM
e121 interfere destructively in the close
proximity of the gap. On the contrary, in the regions on the left and on the right of the dimer gap, the fundamental quadrupole
eTMe121, octupole e
TM
e131, hexadecapole e
TM
e141 interfere constructively, determining a maximum in intensity.
The mode d‖e1,1 has a zero total dipole moment and it cannot be excited by a plane-wave in the Q-ES approximation.
Nonetheless, in the presented full-Maxwell scenario its coupling to the plane-wave is different from zero. This is because the
center-center distance between the two spheres is approximately one-third of the wavelength: thus the incident wavelength
undergoes a phase inversion during its propagation within the dimer. The Q-ES approximation also fails to predict the scattering
efficiency (Fig. S7 in SI): the Q-ES σsca features one peak which is due to the mode d
‖
e1,2 characterized by field lines all
oriented in the same direction.
The dimer-mode d‖e1,4, which is behind the second σsca peak, arises from the interaction among the isolated-sphere modes
shown in Fig. 9. The fundamental electric quadrupole eTMe121 and octupole e
TM
e131 interfere destructively in the proximity of the
gap and constructively within the region of each sphere opposite to the gap. A minor contribution to the hybridization process
also comes from eTMe141 and e
TM
e111.
As the edge-edge distance between the two spheres increases to R the scattering efficiency changes (Fig. S14 in SI). The
first σsca peak is even more dominated by the fundamental electric dipole (Fig. S18 in SI). The mode responsible for the second
peak remains the fundamental electric quadrupole (Fig. S19 in SI). For very large distances D→ ∞, these two modes are the
only ones to survive.
Longitudinally polarized Si homo-dimer
Now, we study the scattering from a homo-dimer of the same geometry but made of a dielectric material, namely Silicon, with
permittivity εR = 16. We investigate the modes excited by a plane wave polarized along the dimer axis zˆ, while it is propagating
along the transverse direction xˆ. In Fig. 10, we plot the scattering efficiency obtained by the material-independent-mode
expansion 1 (black line) and by the direct GMM calculation50 (red dots) as a function of the spheres size parameter x. It is
worth to note that σsca does not depend on R and λ separately, but only on x, because we have assumed that Si is not dispersive
in time. We also show in color the partial scattering efficiencies of the eight dominant dimer-modes, whose real projections on
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Figure 9. Decomposition of the dimer-mode d‖e1,4 at x= 1.183, in terms of hybridizing isolated-sphere modes (real part of the
projection on the y= 0 plane). Each isolated-sphere modes is multiplied by the expansion coefficients of Eq. 8. Below each
isolated-sphere mode we also show its hybridization weight H‖|TMe14nl .
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Figure 10. Scattering efficiency σsca of a Si-spheres homodimer as a function of the size parameter x= 2piR/λ , obtained via
material-independent-mode expansion (black line) and by direct-calculation (red dots). The radius of each sphere is R, the
edge-edge distance R/4. The dimer is excited by a plane wave polarized along the dimer’s axis zˆ and propagating along the
transverse direction xˆ. Partial scattering efficiency (in color) of eight dominant dimer-modes whose xz-plane projections (real
part) are shown on the right.
the y= 0 plane are represented on the right. It is worth to point out that by calculating σsca using only these 8 dimer-modes the
agreement with the GMM remains satisfactory (Fig. S8 of SI).
We list in Tab. 3 the resonant size parameter of the eight dominant modes and the corresponding resonant frequency
(assuming R= 100nm), eigen-permittivity and residuum. We note that the residuum of the longitudinal mode d‖e0,1 is almost
one-order of magnitude higher than the residuum of any of the transverse modes in Tab. 3. This fact can be explained by
referring to Eq. 5: the real part of the eigen-permittivity ε‖e0,1 (x) never equates the Si eigen-permittivity since, irrespectively
of x, we found that −4.7 < ε‖e0,1 (x) < 0.49 while εR,Si = 16. On the contrary, for the transverse modes, there always exists
a value of x in correspondence of which Re
{
ε⊥emq (x)
}
= εR,Si, as it is also apparent from the fourth column of Tab. 3. As a
consequence, the partial scattering cross section of the mode d‖e0,1 is very broad compared to the ones of transverse modes.
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mode x⊥emq ω⊥emq [Prad/s] ε⊥emq ρ⊥emq # peak x
d⊥e1,2 0.760 2.29 16.11-2.23i 0.149 (1) 0.771
d‖e0,1 1.696 5.08 -0.70 - 3.96i 1.038 (2) 0.901
d⊥e0,3 1.126 3.37 15.67-2.50i 0.168 (3) 1.099
d⊥e2,1 1.099 3.29 15.99-0.32i 0.021 (3) 1.099
d⊥e1,8 1.366 4.09 16.00-0.26i 0.017 (4) 1.336
d⊥e3,1 1.421 4.26 15.98-0.05i 0.004 (5) 1.423
d⊥e1,12 1.571 4.71 15.96-1.02i 0.068 (6) 1.584
d⊥e1,14 1.692 5.07 15.99-0.07i 0.005 (7) 1.688
Table 3. Values of x minimizing the residua, corresponding value of the resonant frequency (when R= 100nm),
eigenpermittivity, and residuum of the dimer-modes which dominate the scattering efficiency of Fig. 10. Positions of the peaks
of the total scattering efficiency.
Nevertheless, the mode d‖e0,1 has to be considered because it strongly couples with the plane wave and it also has a stronger
radiative strength36.
We note that only the transverse modes and the fundamental electric dipole of the isolated-sphere are needed to correctly
reproduce σsca . This is because longitudinal isolated-sphere modes cannot be resonantly excited in homogeneous dielectric
objects and, with the exception of the fundamental electric dipole, their coupling with a plane wave is weak10, 36.
In the SI, we also show the scattered electric field in correspondence of the seven σsca peaks (Fig. S12). Unlike the
longitudinally polarized Ag homo-dimer, it is now apparent that at any σsca peak the near-field distributions only roughly
resemble the modes that dominate the scattering response.
Figure 11. Decomposition of the dimer-mode d⊥e1,2 at x= 0.771 in terms of hybridizing isolated-sphere modes (real part of
the projection on the y= 0 plane). Each isolated-sphere modes is multiplied by the expansion coefficients of Eq. 8. Below each
isolated-sphere mode we also show its hybridization weight H⊥|TMe12nl (H
⊥|TE
o12nl ).
As shown in Fig. 11, the dimer-mode d⊥e1,2, which is responsible for the first peak of σsca, arises from the hybridization of
the fundamental magnetic dipole eTEo111 and the first and second order electric dipoles, i.e. e
TM
e111, e
TM
e112. The modes e
TM
e111 and
eTMe112 constructively interfere with e
TE
o111 within the region of each sphere located in between the gap and the center. The net
effect is to move the vortex core away from the gap. We also introduce in Fig. 12 the frequency hybridization diagram for the
dimer-mode d⊥e1,2, where we show in the middle the dimer-mode, on the left and on the right the TE and TM isolated-sphere
modes that take part in the hybridization. The vertical position at which both the isolated-sphere and dimer- modes are centred
in the diagram is proportional to their resonant frequency obtained assuming R= 100nm (Tabs. 3 and S2 in SI). We also show
their hybridization weights.
Going back to the analysis of Fig. 10, the shoulder on the right of the first peak is due to the longitudinal mode d‖e0,1. Then
we found a dip of σsca, which is due to the destructive interference between the dimer-modes d⊥e0,3 and d
‖
e0,1.
The next peak, labelled with (3), is mainly due to the mode d⊥e2,1, with minor contributions from the modes d
⊥
e0,3 and d
‖
e0,1.
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Figure 12. Frequency levels describing the hybridization of the TE and TM modes of a 100 nm isolated-sphere into the
dimer-mode d⊥e1,2. The vertical axis represents the frequency (expressed in Prad/s). Next to each isolated-sphere mode we
report its hybridization weight H⊥|TMe12nl (H
⊥|TE
o12nl ).
The dimer-modes d⊥e2,1 and d
⊥
e0,3 arise from the dominant contributions of the fundamental magnetic quadrupole and of the
second order electric dipole, respectively.
Figure 13. Decomposition of the dimer-mode d⊥e1,8 at x= 1.366 in terms of hybridizing isolated-sphere modes (real part of
the projection on the y= 0 plane). Each isolated-sphere modes is multiplied by the expansion coefficients of Eq. 8. Below each
isolated-sphere mode we also show its hybridization weight .H⊥|TMe18nl (H
⊥|TE
o18nl )
ωTM13 =5.80
ωTM22 =4.12
ωTE12 =4.64
ωTE21 =3.26
ω⊥e1,8=4.09 1.0
0.72
0.43
0.17
ω ω
TETM
Figure 14. Frequency levels describing the hybridization of the TE and TM modes of a 100 nm isolated-sphere into the
dimer-mode d⊥e1,8. The vertical axis represents the frequency (expressed in Prad/s). Next to each isolated-sphere mode we
report its hybridization weight H⊥|TMe18nl (H
⊥|TE
o18nl ).
The dimer-mode behind the σsca peak labelled with (4) is d⊥e1,8. As shown in Fig. 13, it arises from the hybridization among
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the second order magnetic dipole eTEo112, the second order electric quadrupole e
TM
e122, the third order electric dipole e
TM
e113, and the
fundamental magnetic quadrupole eTEo121. In particular, e
TE
o112 and e
TM
e122 constructively interfere along the horizontal diameter
of both spheres and destructively along the vertical diameter of both spheres. The “horseshoe” shape of this dimer-mode is
determined by the action of the fundamental magnetic quadrupole eTEo121 that constructively interferes with the second order
magnetic quadrupole eTEo122 in the hemispheres of the two spheres closer to the gap, and destructively interferes in the remaining
hemispheres. The contribution of the third order electric dipole eTMe113 pushes the vortex core within each sphere toward the gap,
because it destructively interferes with the eTEo112 in the semicircle closer to the gap, and constructively interferes in the opposite
half. In Fig. 14 we also show the frequency hybridization diagram for the the dimer-mode d⊥e1,8.
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Figure 15. Decomposition of the dimer-modes d‖e0,1, d
⊥
e0,3, d
⊥
e2,1, d
⊥
e3,1, d
⊥
e1,12, d
⊥
e0,14, at
x= 0.901,1.099,1.099,1.423,1.584,1.688, respectively, in terms of hybridizing isolated-sphere modes (real part of the
projection on the y= 0 plane). Each isolated-sphere modes is multiplied by the expansion coefficients of Eq. 8. Above each
isolated-sphere mode we also show its hybridization weight.
In Fig. 15 we show the hybridization diagrams of the remaining modes of Fig. 10. Specifically, the dimer-mode d‖e0,1
arises from the hybridization among the fundamental electric dipole eTMe011, quadrupole e
TM
e021, octupole e
TM
e031, hexadecapole
eTMe041, and the second order electric dipole e
TM
e022. The dimer-mode d
⊥
e0,3 is dominated by the second order electric dipole e
TM
e012,
the dimer-mode d⊥e2,1 is dominated by the fundamental magnetic quadrupole e
TE
o221, the dimer-mode d
⊥
e3,1 is dominated by the
fundamental magnetic octupole eTEo331. There is almost no hybridization in these three cases. The mode d
⊥
e1,12 arises from the
hybridization of the second order magnetic dipole eTEo112, second order electric quadrupole e
TM
e122, second e
TM
e112 and third order
eTMe113 electric dipoles, second order magnetic quadrupole e
TM
e122, and fundamental magnetic octupole e
TE
o131. Finally, the mode
d⊥e1,14 results from the hybridization of second order magnetic dipole e
TE
o122, third order electric dipole e
TM
e113, and second order
electric quadrupole eTMe113.
As for the Ag dimer, when we increase the edge-edge distance the dimer-modes change. Nevertheless, the isolated-sphere
modes used as basis set remain the same, while the hybridization weights vary. For instance, when the edge-edge distance
increases from R/4 to R the contribution of the fundamental magnetic dipole to the dimer-mode that causes the first σsca peak
increases compared to the remaining modes (Fig. S21 in SI). This mode is the only to survive when the distance goes to infinity
(Fig. S2 in SI). Similarly, the dimer-mode d⊥e1,7 associated to the peak (4) (Fig. S22 in SI), arises mainly from the second order
electric quadrupole eTMe122, while the second order magnetic dipole e
TE
o112 that was dominant for edge-edge distance of R/4 (Fig.
13) now plays a minor role. The mode eTMe122 is the only to survive when the distance goes to infinity (Fig. S2).
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Transversely Polarized Si homo-dimer
We now still study the modes excited by a silicon homo-dimer, but excited by a plane-wave propagating along the dimer’s
axis direction zˆ and polarized along the transverse xˆ-direction. In Fig. 16, we plot the scattering efficiency obtained by the
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Figure 16. Scattering efficiency σsca of a Si-spheres homo-dimer as a function of the spheres size parameter x= 2piR/λ ,
obtained via the material-independent-mode expansion (black line) and by direct-calculation (red dots). The radius of each
sphere is R, the edge-edge distance is R/4. The dimer is excited by a plane wave propagating along the dimer’s axis zˆ and
polarized along the transverse direction xˆ. Partial scattering efficiency (in color) of eight dominant dimer-modes whose real
part projections on the y= 0 plane are shown on the right.
material-independent-mode expansion of Eq. 1 (black line), and by the direct GMM calculation50 (red dots) as a function
of the size parameter x. We also show in color the partial scattering efficiency of the eight dominant dimer-modes, whose
index xνe1q ω
ν
e1q ε
ν
e1q ρ
ν
e1q # peak x
d⊥e1,1 0.742 2.22 16.01-0.74i 0.049 (1) 0.740
d⊥e1,3 0.960 2.88 16.96-2.70i 0.191 (2) 0.967
d‖e1,1 1.326 3.98 1.28 - 2.64i 0.997 (2) 0.967
d⊥e1,5 1.088 3.26 15.99-0.22i 0.015 (3) 1.090
d⊥e1,6 1.108 3.32 15.99-0.14i 0.009 (4) 1.108
d⊥e1,7 1.381 4.14 16.02-0.24i 0.016 (5) 1.381
d⊥e1,9 1.406 4.21 15.99-0.06i 0.004 (6) 1.406
d⊥e1,11 1.531 4.58 15.99-0.79i 0.052 (7) 1.560
Table 4. Resonant size parameter x, corresponding values of resonant frequency, eigenpermittivity, and residuum of the
dimer-modes which dominate the scattering efficiency of Fig. 16. Positions of the peaks of the total scattering efficiency.
real projections on the y = 0 plane are represented on the right. It is worth to point out that by calculating σsca using only
these 8 dimer-modes, the agreement with the GMM remains satisfactory (Fig. S9 of SI). We list in Tab. 4 the resonant size
parameter x of the eight dominant modes, the corresponding resonant frequency assuming R= 100 nm, and the corresponding
residuum. The residuum of the longitudinal mode d‖e1,1 is almost one-order of magnitude higher than the residuum of the
transverse modes in Tab. 4. This fact can be again interpreted by Eq. 5: the real part of the eigen-permittivity ε‖e1,1 (x) never
equates the Si eigen-permittivity, since irrespectively of x, we have −5.37 < ε‖e1,1 (x)< 1.36 and εR,Si = 16. On the contrary,
for the transverse modes there always exists a value of x in correspondence of which Re
{
ε⊥emq (x)
}
= εR,Si, as it also apparent
from the fourth column of Tab. 4. Nevertheless, the mode d‖e0,1 has to be considered because it strongly couples with the plane
wave and it also has a stronger radiative strength36. A low residuum corresponds to a sharp scattering peak: the mode d⊥e1,9
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exhibits the lowest residuum and it also associated to the sharpest σsca peak.
In the SI, we also show the near field pattern of the scattered electric fields on the y= 0 plane of the spheres in correspondence
of the eight peaks (Fig. S13).
Figure 17. Decomposition of the dimer-mode d⊥e1,1 at x= 0.740, in terms of hybridizing isolated-sphere modes (real part of
the projection on the y= 0 plane). Each isolated-sphere modes is multiplied by the expansion coefficients of Eq. 8. Below each
isolated-sphere mode we also show its hybridization weight H⊥|TMe11nl (H
⊥|TE
o11nl ).
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Figure 18. Frequency levels describing the hybridization of the TE and TM modes of a 100 nm isolated-sphere into the
dimer-mode d⊥e1,1. The vertical axis represents the frequency (expressed in Prad/s). Next to each isolated-sphere mode we show
its hybridization weight H⊥|TMe11nl (H
⊥|TE
o11nl ).
The mode d⊥e1,1 causes the first peak of the σsca spectrum; in Fig. 17 it is decomposed in terms of hybridizing isolated-sphere
modes. The mode d⊥e1,1 almost coincides with the isolated-sphere fundamental magnetic dipole apart from a small contribution
from the fundamental electric dipole. In in Fig. 18 we also show the corresponding “frequency” hybridization diagram.
The second peak of the σsca spectrum is dominated by the dimer-mode d⊥e1,3. As shown in Fig. 19, the spatial distribution
of d⊥e1,3 on the y = 0 plane originates from the interference between the fundamental magnetic dipole e
TE
o111 and the two
electric dipoles eTMe111, e
TM
e112 that enhance the field in the two hemispheres closer to the gap and attenuate it in the two opposite
hemispheres. In Fig. 20 we show the corresponding “frequency” hybridization diagram.
The fourth peak of the σsca spectrum is ascribed to the dimer-mode d⊥e1,6. This mode results from the hybridization of
the isolated-sphere modes shown in Fig. 21. Although the second order electric dipole eTMe112 is dominant, the contributions
of eTEo121 and e
TE
o111 are very significant: they positively interfere with e
TM
1112 in the two hemispheres opposite to the gap. This
fact determines the shift of the mode maximum away from the gap. We also show in Fig. 22 the corresponding “frequency”
hybridization diagram of d⊥e1,6.
In Fig. 23 we show the decomposition in terms of isolated-sphere modes of the remaining dimer-modes dominating the
far field scattering response. Specifically, the dimer-mode d‖e1,1 is due to the hybridization of the fundamental e
TM
e111, second
eTMe112 and third order e
TM
e113 electric dipoles, fundamental magnetic dipole e
TE
o111, and fundamental electric quadrupole e
TM
e141.
Furthermore, d⊥e1,5 is due to the second order electric dipole e
TM
1112 and to a lesser extent to the fundamental e
TM
e111 and third order
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Figure 19. Decomposition of the dimer-mode d⊥e1,3 at x= 0.967, in terms of isolated-sphere modes (real part of the projection
on the y= 0 plane). Each isolated-sphere modes is multiplied by the expansion coefficients of Eq. 8. Below each
isolated-sphere mode we show its hybridization weight H⊥|TMe13nl (H
⊥|TE
o13nl ).
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Figure 20. Frequency levels describing the hybridization of the TE and TM modes of a 100 nm isolated-sphere into the mode
d⊥e1,3 of a homo-dimer with edge-edge separation of 25nm. The vertical axis represent the frequency. Next to each
isolated-sphere mode we show its hybridization weight H⊥|TMe13nl (H
⊥|TE
o13nl ).
Figure 21. Decomposition of the dimer-mode d⊥e1,6 at x= 1.108, in terms of isolated-sphere modes Each isolated-sphere
modes is multiplied by the expansion coefficients of Eq. 8. Below each isolated-sphere mode we show its hybridization weight
H⊥|TMe16nl (H
⊥|TE
o16nl ).
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Figure 22. Frequency levels describing the hybridization of the TE and TM modes of a 100 nm isolated-sphere into the mode
d⊥e1,6 of a homo-dimer with edge-edge separation of 25nm. The vertical axis represents the frequency (expressed in Prad/s).
Next to each isolated-sphere mode we show its hybridization weight H⊥|TMe16nl (H
⊥|TE
o16nl ).
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Figure 23. Decomposition of the dimer-modes d⊥e1,1, d
‖
e1,1, d
⊥
e1,7, d
⊥
e1,9, d
⊥
e1,11, at x= 1.099,1.099,1.423,1.584,1.688,
respectively, in terms of hybridizing isolated-sphere modes (real part of the projection on the y= 0 plane). Each isolated-sphere
modes is multiplied by the expansion coefficients of Eq. 8. Above each isolated-sphere mode we also show its hybridization
weight.
eTMe113 electric dipole and to the fundamental magnetic dipole e
TE
o111. The dimer-mode d
⊥
e1,7 arises from the hybridization of the
second order electric quadrupole eTMe122, the fundamental magnetic octupole e
TE
e131, and the second order magnetic dipole e
TE
o112.
Mode d⊥e1,9 results from the combination of the fundamental magnetic octupole e
TE
o131 and the second order electric quadrupole
eTMe122. Mode d
⊥
e1,11 is due to the hybridization of the second order magnetic dipole e
TE
o112, the second e
TM
e112 and third order e
TM
e113
electric dipoles, and of the second order electric quadrupole eTMe122.
Also in this case we repeated the mode decomposition of the scattering efficiency for an edge-edge distance between the
spheres equal to R (Fig. S23 in SI). The fundamental magnetic dipole mode eTEo111 becomes more and more dominant in the
hybridization of the first peak (Fig. S24). The second peak arises from the positive interference between two dimer-modes,
which are dominated by the fundamental and second order electric dipoles, respectively (Fig. S25). The second order electric
dipole and the fundamental magnetic quadrupole become dominant in the hybridization of the third peak (see Fig. S26). The
fourth, fifth and sixth peaks are dominated by the isolated-sphere modes eTMe122, e
TE
o131, e
TE
o112, respectively. These are the modes
that survive when the edge-edge distance become infinity, as it is apparent from the σsca of the isolated Si sphere (Fig. S2 in the
SI).
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Conclusions
We have investigated the modes and resonances in the electromagnetic scattering from a dimer of spheres by using the full-
Maxwell equations and the material independent modes. The electromagnetic scattering response of the dimer is described by a
set of dimer-modes. Each dimer-mode is seen as the result of the hybridization of the modes of two constituent spheres, whose
importance is quantified by hybridization weights. As we vary the gap size, although the dimer-modes change, they are still
represented in terms of the same set of isolated-sphere modes, but with different hybridization weights. This study represents the
first full-Maxwell theory of hybridization in Si dimers, and it also constitutes an extension of the plasmon-mode hybridization
theory to the full-retarded scenario. The modes are classified accordingly to their behaviour in the long-wavelength limit:
the longitudinal modes are the ones that become irrotational everywhere in long-wavelength limit (quasi-stationary electric
modes or plasmonic modes); the transverse modes are the ones that become solenoidal everywhere in the long-wavelength limit
(quasi-stationary magnetic modes or photonic modes). The transverse modes arise from the magnetic interaction, while the
longitudinal modes arise from the electrical interaction. Transverse dimer-modes cannot be resonantly excited in metal dimers.
In general, the longitudinal and the transverse modes of the dimer arise from the hybridization of both the longitudinal and the
transverse modes of the isolated-sphere. The retardation effects play an important role in the mode-coupling with the incident
field. Radiation losses may lead to a significant broadening of the resonance peaks.
By using this theoretical framework, we investigate the resonant scattering from metal and dielectric dimers with dimensions
of the order of the incident wavelength under different plane-wave illuminations and different gap sizes. The scattering
efficiencies can be accurately described by a very limited number of dimer-modes. Then, we quantitatively decompose these
dimer-modes into the modes of the constituent spheres, providing the corresponding hybridization weights. We also study
how the hybridization weights change as the gap size is varied. The longitudinal dimer-modes are sufficient to describe the
far-field scattering from metal dimers. On the contrary, the far field scattering from dielectric dimers involve resonant transverse
dimer-modes and off-resonance longitudinal dimer-modes.
To offer an intuitive understanding we extend the hybridization diagrams introduced by Prodan et al. to the full-Maxwell
analysis, showing the hybridization of the electric and magnetic modes of an isolated Si sphere into the dimer-modes and the
corresponding frequency levels.
Methods
In this methods section, we show the derivation of the modes of a sphere dimer, by representing each dimer-mode in terms
of a weighted combination, i.e. hybridization, of isolated-sphere modes. We also provide the explicit expressions for the
corresponding hybridization coefficients given in Eq. 8.
At the very basis of any extension of the Mie theory to sphere dimers lies the VSWF addition theorem. This theorem enables
the representation of the radiating VSWFs centred on one origin as an expansion of regular VSWFs centred on a different origin.
The addition theorem was first derived in Refs.51, 52, and it was later combined with the Mie theory in Refs.53, 54. Subsequently,
it was significantly improved by many authors including Borghese et al.55, Fuller et al.56, and Mackowski57, 58. Very detailed
introductions can be found in Refs.59, 60
Let us consider the problem of scattering by a dimer of spheres in free-space. The geometry of the problem is sketched in
Fig. 3. The spheres have radius R1 and R2, respectively, and they occupy the regions Ω1 and Ω2, while the surrounding space
is denoted with Ω3. The sphere Ω1 is centred on the origin of a Cartesian coordinate system O1r1 , while the sphere Ω2 is
centred on the origin of a second Cartesian coordinate system O2r2. The coordinate system O2r2 is obtained by translating
the coordinate system O1r1 through a distance D along the z axis. The dimer is aligned along the direction of the z-axis of
both coordinate systems. The two spheres have the same material composition, which is assumed to be linear, non-magnetic,
isotropic, homogeneous in time and space, non dispersive in space, and time-dispersive with relative permittivity εR (ω). The
object is excited by a time harmonic electromagnetic field incoming from infinity Re
{
Eie−iωt
}
. We denote the total electric
field as E, while the scattered electric field is denoted as ES = E−Ei. The scattered field ES is the solution of the following
problem:
k−20 ∇
2ES+ εR (ω)ES = [1− εR (ω)]Ei inΩ j, j ∈ {1,2}
k−20 ∇
2ES+ES = 0 inΩ3,
(12)
rˆ j×
(
ES|Ω3 −ES|Ω j
)
= 0
rˆ j×
(
∇×ES|Ω3 −∇×ES|Ω j
)
= 0
on r j = R j, j ∈ {1,2} (13)
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where k0 = ω/c0, rˆ j is the radial versor of the reference frame centered in the j-th sphere. Equations 12-13 have to be solved
with the radiation conditions at infinity.
Aiming at the reduction of the scattering problem to an algebraic form, we introduce the auxiliary homogeneous problem
that is obtained from Eqs. 12-13 by zeroing the driving term Ei:
− k−20 ∇2C= γC in Ω1∪Ω2,
− k−20 ∇2C= C inΩ3,
(14)
rˆ j×
(
C|Ω3 −C|Ω j
)
= 0
rˆ j×
(
∇×C|Ω3 −∇×C|Ω j
)
= 0
r j = R j, j ∈ {1,2}, (15)
with the radiation condition at infinity, where γ is the eigenvalue and C(r) is the corresponding eigenfunction.
Exploiting the symmetry of the problem, we can expand the vector field C, solution of the homogeneous problem of Eqs.
14 and 15 in terms of two basis set, namely the material-independent-modes of the two isolated spheres10 as:
C=
2
∑
j=1
∑
p∈{e,o}
∞
∑
m=0
C( j)pm, (16)
where C( j) in the reference system O jr j assumes the following form:
C( j)pm (r j) =∑
nl
[
uTM| jpmnle
TM| j
pmnl(r j)+u
TE| j
p¯mnle
TE| j
p¯mnl(r j)
]
, (17)
∑
nl
=
∞
∑
n=max(1,m)
∞
∑
l=1
, (·¯) is the binary operator defined as e¯= o and o¯= e, and
{
eTM| jpmnl , e
TE| j
pmnl
}
are the isolated-sphere modes of
the j-th sphere . They have the form:
eTM| jpmnl(r j) =
 N
(1)
pmn
(√
εTM| jnl k0r j
)
r j ∈Ω j,
σTM| jnl N
(3)
pmn (k0r j) r j ∈ R3\Ω j,
eTE| jpmnl(r j) =
 M
(1)
pmn
(√
εTE| jnl k0r j
)
r j ∈Ω j,
σTE| jnl M
(3)
pmn (k0r j) r j ∈ R3\Ω j.
,
(18)
where
σTM| jnl =
√
εTM| jnl
jn
(√
εTM| jnl x j
)
h(1)n (x j)
,
σTE| jnl =
jn
(√
εTE| jnl x j
)
h(1)n (x j)
.
(19)
The functions
{
M(1)pmn,N
(1)
pmn
}
and
{
M(3)pmn,N
(3)
pmn
}
are the regular and radiating vector spherical wave functions (VSWFs),
whose radial dependence is given by the spherical Bessel jn and Hankel h
(1)
n functions of the first kind, respectively. The
subscript p ∈ {e,o} denote even and odd azimuthal dependence. The quantities εTM| jnl and εTE| jnl are eigen-permittivities of the
j-th isolated-sphere. By using Eqs. 18 into 17 we obtain:
C( j)pm (r j) =

∑
nl
[
uTM| jpmnlN
(1)
pmn
(√
εTM| jnl k0r j
)
+uTE| jp¯mnlM
(1)
p¯mn
(√
εTE| jnl k0r j
)]
r j ∈Ω j,
∑
nl
[
uTM| jpmnlσ
TM| j
nl N
(3)
pmn (k0r j)+u
TE| j
p¯mnlσ
TE| j
nl M
(3)
p¯mn (k0r j)
]
r j ∈Ω j
⋃
Ω3.
(20)
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where we have defined the following binary operator (·¯): 1¯ = 2 and 2¯ = 1.
The field incident on the j-th sphere is only the field produced by the remaining j¯-th sphere. Therefore, by applying Eq. 1
of the main manuscript to the j-th sphere, we obtain:
uTM| jpmnl =
γ−1
εTM| jnl − γ
P
TM| j
pmnl
{
C( j¯)pm
}
,
uTE| jpmnl =
γ−1
εTE| jnl − γ
P
TE| j
pmnl
{
C( j¯)pm
}
,
(21)
wherePTM| jpmnl {·} ,PTE| jpmnl {·} are defined in 9.
In order to apply 21, and take full advantage of the orthogonality among VSWFs, we have to represent the field C( j¯)pm in the
reference system O j¯r j¯. We now use the VSWF translation-theorem, which enables us to represent the radiating VSWF centred
at one origin, i.e. r j¯ as an expansion of regular VSWF centered about another origin r j. It can be written as: M(3)pmn(k0r j)
N(3)pmn
(
k0r j
) = ∞∑
ν=max(1,m)
[(
Q( j)MMmnν (d)M
(1)
pmν (k0r j)
Q( j)NNmnν (d)N
(1)
pmν (k0r j)
)
+
(
Q( j)MNpmnν (d)N
(1)
pmν (k0r j)
Q( j)NMpmnν (d)M
(1)
pmν (k0r j)
)]
(22)
where the translation-addition coefficients are given by50, 61:
Q( j)MMmνn(d) = Q
( j)
NNmνn(d) =
1
2
[
Amnmν(d, j→ j)+
Γmν
Γmn
A−mn−mν(d, j→ j)
]
,
Q( j)MNo
emνn
(d) = Q( j)NMo
emνn
(d) =± i
2
[
Bmnmν(d, j→ j)−
Γmν
Γmn
B−mn−mν(d, j→ j)
]
,
(23)
Γmn = (−1)m (n−m)!
(n+m)!
,
Amnmν(d, j→ j) =

(−1)n+ν Emν
Emn
C0
min(n,ν)
∑
q=0
ipCp a−mnνmq h
(1)
p (d) j = 1,
Emν
Emn
C0
min(n,ν)
∑
q=0
ipCp a−mnνmq h
(1)
p (d) j = 2,
Bmnmν(d, j→ j) =

(−1)n+ν Emν
Emn
C0
min(n,ν)
∑
q=0
ip+1Cp bmnνmq h
(1)
p+1(d) j = 1,
Emν
Emn
C0
min(n,ν)
∑
q=0
ip+1Cp bmnνmq h
(1)
p+1(d) j = 2,
p= n+ν−2q,
Emn = in
√
(2n+1)(n−m)!
n(n+1)(m+n)!
,
C0 =
1
2
(−1)m
√
(2ν+1)(2n+1)(ν−m)!(m+n)!
ν(ν+1)n(n+1)(m+ν)!(n−m)! ,
Cp = (ν+1)ν+(n+1)n− p(p+1),
(24)
amnνmq are the Gaunt coefficients and bmnνmq are combinations of the Gaunt coefficients, whose expression can be found in
Refs.50, 61.
By substituting Eq. 20 into Eq. 21 and by using the Eq. 22-24, and truncating the summation indices n and l to the values Nmax
and Lmax, we obtain two coupled sets of homogeneous equations for any given pair of m ∈ N0 and p= e,o
1
εTM| jnl −1
{
uTM| jpmnl+P
TM| j
pmnl
{
eTM| jpmnl
} Nmax
∑
ν=max(1,m)
Lmax
∑
s=1
[
uTM| jpmnlσ
TM| j
νs Q
( j)
NNmνn +u
TE| j
pmνsσ
TE| j
νs Q
( j)
MNpmνn
]}
=
1
χ
uTM| jpmnl (25)
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1εTE| jnl −1
{
uTE| jpmnl+P
TE| j
pmnl
{
eTE| jpmnl
} Nmax
∑
ν=max(1,m)
Lmax
∑
s=1
[
uTE| jpmνsσ
TE| j
νs Q
( j)
MMmνn +u
TM| j
pmνsσ
TM| j
νs Q
( j)
NMpmνn
]}
=
1
χ
uTE| jpmnl with
 n= max(1,m) , . . . ,Nmaxl = 1, . . . ,Lmax
j = 1,2
 (26)
where χ = γ−1 is the eigen-susceptibility of the two sphere. For any given m and p indices, we have a system of Qmax =
[4Lmax (Nmax−max(1,m)+1)] equations. It can be written in the matrix form:
A(m,p)y(m,p) = ξ (m,p) y(m,p) (27)
where ypm =
[
uTM| jpmnl , u
TE| j
pmnl
]T
is the vector containing the expansion coefficients. We numerically evaluate the finite number of
eigenvectors of the matrix A(m,p).
For any pair of indices p,m, we have the eigenvalues χ pmq for q = 1, . . . ,Qmax. Starting from the eigenvalues χ pmq , it is
possible to obtain the dimer eigen-permittivities εpmq through the relation: εpmq = 1/χ pmq +1. The q-th eigenvectors of the
discrete problem is denoted as ypmq, its coefficients are [u
TM| j
pmnlq, u
TE| j
pmnlq]
The electric-field modes can be obtained from the coefficient eigenvector ypmq by using Eqs. 16-20
dpmq =
2
∑
j=1
C( j)pmq, (28)
C( j)pmq (r j) =∑
nl
[
uTM| jpmqnle
TM| j
pmnl(r j)+u
TE| j
p¯mqnle
TE| j
p¯mnl(r j)
]
. (29)
In Eq. 28 the mode dpmq within each sphere is represented in terms of the superposition of two contributions C
(1)
pmq and C
(2)
pmq
centred in different reference systems. In other words, the dimer mode within each sphere is represented in terms of the isolated
sphere modes of the sphere 1 and of the sphere 2. Nevertheless, it is possible to overcome this problem, by representing the
dimer electric field mode dpmq within the j-th sphere exclusively in terms of the isolated sphere modes e
TM| j
pmnl and e
TE| j
pmnl by using
the translation-addition theorem for vector spherical wave functions (VSWF). Thus, we obtain the following representation of
dpmq:
dpmq(r j) =

∑
nl
hTM| jpmqnlN
(1)
pmn
(√
εTM| jnl k0r j
)
+hTE| jpmqnlM
(1)
pmn
(√
εTE| jnl k0r j
)
, r j ∈Ω j
2
∑
j=1
∑
nl
uTM| jpmqnlσ
TM| j
nl N
(3)
pmn (k0r j)+u
TE| j
pmqnlσ
TE| j
nl M
(3)
pmn (k0r j) , r j ∈Ω3
(30)
where the coefficients {hTM| jpmqnl , hTE| jpmqnl} are:
hTM| jpmqnl = u
TM| j
pmqnl+P
TM| j
pmnl
{
eTM| jpmnl
} Nmax
∑
ν=max(1,m)
Lmax
∑
s=1
[
uTM| jpmqνsσ
TM| j
νs Q
( j)
NNmνn +u
TE| j
pmqνsσ
TE| j
νs Q
( j)
MNpmνn
]
hTE| jpmqnl = u
TE| j
pmqnl+P
TE| j
pmnl
{
eTE| jpmnl
} Nmax
∑
ν=max(1,m)
Lmax
∑
s=1
[
uTE| jpmqνsσ
TE| j
νs Q
( j)
MMmνn +u
TM| j
pmqνsσ
TM| j
νs Q
( j)
NMpmνn
] (31)
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